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Abstract
For simple graphs G, G1 and G2, we denote their double corona based on R-graph by
G(R) ⊗ {G1, G2}. This paper determines the normalized Laplacian spectrum of G
(R) ⊗
{G1, G2} in terms of these of G, G1 and G2 whenever G, G1 and G2 are regular. The
obtained result reduces to the normalized Laplacian spectra of the R-vertex corona G(R)⊙
G1 and R-edge corona G
(R)
⊖ G2 by choosing G2 or G1 as a null-graph, respectively.
Finally, applying the results of the paper, we construct infinitely many pairs of normalized
Laplacian cospectral graphs.
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1 Introduction
Throughout this paper, all graphs considered are finite simple graphs. Let G = (V,E) be
a graph with vertex set V = {υ1, υ2, . . . , υn} and edge set E(G). The adjacency matrix A(G)
of G is an n × n matrix whose (i, j)-entry is 1 if υi and υj are adjacent in G and 0 otherwise.
The degree of υi in G is denoted by di = dG(υi). Let D(G) be the degree diagonal matrix of
G with diagonal entries d1, d2, . . . , dn. The normalized Laplacian matrix L(G) of G is defined
as In −D(G)−1/2A(G)D(G)−1/2, where In denotes the identity matrix of order n. Denote the
characteristic polynomial det(xIn −L(G)) of L(G) by φ(G;x). Since L(G) is a symmetric and
positive semi-definite matrix. Then its eigenvalues, denoted by λ1(G), λ2(G), . . . , λn(G), are all
real, non-negative and can be arranged in non-decreasing order 0 = λ1(G) ≤ λ2(G) ≤ · · · ≤
λn(G). The set of all eigenvalues of L(G) is called the normalized Laplacian spectrum of G.
The normalized Laplacian matrix L(G), which is consistent with the transition probability
matrix P (G) = D(G)−1A(G) in the random walk on G and spectral geometry[8], has attracted
people’s attention. For instance, Banerjee and Jost[1] studied how the normalized Laplacian
spectrum is affected by operations such as motif doubling, graph splitting and joining. Huang
and Li[13] studied the normalized Laplacian spectrum of some graph operations, such as sub-
division graph, Q-graphs, R-graphs and so on. Butler and Grout[4] constructed many pairs of
non-regular normalized Laplacian cospectral graphs. Chen et al.[5] gave an interlacing inequal-
ity on the normalized Laplacian eigenvalues of G. Chen and Zhang[7] obtained two formulae
for the resistance distance and degree-Kirchhoff index in terms of the normalized Laplacian
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eigenvalues and eigenvectors of G and so on. For more review about the normalized Laplacian
spectrum of graphs, readers may refer to [8]. Recently, Chen and Liao[6] determined the nor-
malized Laplacian spectra of the (edge)corona for two graphs. Furthermore, they also obtained
the degree-Kirchhoff index and the number of spanning trees of these graphs. In [11], the nor-
malized Laplacian spectra of some subdivision-coronas for two regular graphs were computed
by Das and Panigrahi. This paper considers the normalized Laplacian spectrum of double
corona based on R-graph. We first recall that the R-graph[10] of a graph G, denoted by G(R),
is the graph obtained from G by adding a new vertex corresponding to each edge of G and by
joining each new vertex to the endpoints of the edge corresponding to it. The following graph
operation based on R-graph comes from [2].
Definition 1.1[2]. Let G be a connected graph on n vertices and m edges. Let G1 and
G2 be graphs on n1 and n2 vertices, respectively. The R-graph double corona of G, G1 and G2,
denoted by G(R) ⊗ {G1, G2}, is the graph obtained by taking one copy of G(R), n copies of G1
and m copies of G2, and then by joining the i-th old-vertex of G
(R) to every vertex of the i-th
copy of G1 and the j-th new-vertex of G
(R) to every vertex of the j-th copy of G2.
We remark that here R-graph double corona reduces to the R-vertex corona G(R) ⊙G1 or
R-edge corona G(R) ⊖ G2 (see [15] for more information) whenever we choose G2 or G1 as a
null-graph in Definition 1.1, respectively.
In [2], Barik and and Sahoo determined the Laplacian spectra of R-graph double corona
for regular graph G and any two graphs G1 and G2. Song et al.[17] computed the spectra
and Laplacian spectra of double corona based on subdivision graph. As applications, they
determined the number of spanning trees of the double corona based on subdivision graph and
constructed infinitely many pairs of cospectral(Laplacian cospectral) graphs. Recently, Lan
and Zhou[15] characterized the spectra, Laplacian and signless Laplacian spectra of R-vertex
corona and R-edge corona. At the same time, they also constructed infinitely many pairs of
cospectral, Laplacian cospectral and signless Laplacian cospectral graphs.
Motivated by the works above , we focus on dertermining the normalized Laplacian spectrum
of R-graph double corona G(R) ⊗ {G1, G2} in terms of those of regular graphs G, G1 and G2
(see Theorem 2.3). As a special case, we give the normalized Laplacian spectra of the R-
vertex corona G(R) ⊙G1 and R-edge corona G(R) ⊖G2 by choosing G2 or G1 as a null-graph,
respectively (see Corollaries 2.4 and 2.5). Finally, applying these results, we construct infinitely
many pairs of normalized Laplacian cospectral graphs.
2 Main results
In this section , we determine the normalized Laplacian spectrum of G(R)⊗{G1, G2} in terms
of those of regular graphs G, G1 and G2. To prove our results, we need some preliminaries. For
two matrices A = (aij) and B = (bij) of same size m× n, the Hadamard product A ◦B = (cij)
of A and B is a matrix of the same size m× n with entries cij = aijbij for i = 1, 2, . . . .m and
j = 1, 2, . . . , n. Similarly, the Kronecker product A ⊗ B of matrices A = (aij) of size m × n
and B of size p × q is the mp × nq partition matrix aijB. It is proved[12] that AB ⊗ CD =
(A⊗C)(B⊗D), whenever the products AB and CD exist. Moreover, (A⊗B)−1 = A−1⊗B−1
for two nonsingular matrices A and B. If A and B are two matrices of order n and p respectively,
then det(A⊗B) = (detA)p(detB)n. For more review about the Kronecker product, see [12].
Throughout this paper, 1n denotes the column vector of size n with all the entries equal to
one. Let G be a graph on n vertices and B be a matrix of order n. For any parameter λ, we
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will use the following notation
χG(B, 1n, λ) = 1
T
n [λIn − (L(G) ◦B)]−11n,
which will be simplified as χG(B) for convenience. Remark that this notation is similar to the
M -coronal, which is introduced by Cui and Tian[9] (also see [16]). It is proved[9] that if M is
a matrix of order n with each row sum equal to a constant t, then
(λIn −M)−11n = 1
λ− t1n ⇒ 1
T
n (λIn −M)−11n =
n
λ− t .
The following Lemmas 2.1 and 2.2 come from [10, 19] and [11], respectively.
Lemma 2.1[10, 19]. Assume that the order of all four matrices M1,M2,M3 and M4 satisfy
the rules of operations on matrices. If M1 and M4 are invertible, then
det
(
M1 M2
M3 M4
)
= detM4 · det(M1 −M2M−14 M3)
= detM1 · det(M4 −M3M−11 M2).
Lemma 2.2[11]. If G is an r-regular graph, then obviously
L(G) = In − 1
r
A(G).
Theorem 2.3. Let G be an r-regular graph with n vertices and m edges. Also let G1
and G2 be r1-regular and r2-regular with n1 and n2 vertices, respectively. Assume that 0 =
µ1(G), µ2(G), . . . , µn(G); 0 = η1(G1), η2(G1), . . . , ηn1(G1) and 0 = δ1(G2), δ2(G2), . . . , δn2(G2)
be the normalized Laplacian spectra of G, G1 and G2, respectively. Then the normalized Lapla-
cian spectrum of G(R) ⊗ {G1, G2} consists of:
• The eigenvalue 1 + r1ηj(G1)
r1 + 1
with multiplicity n, for every eigenvalue ηj(G1) (j = 2, 3, . . . , n1)
of L(G1);
• The eigenvalue 1 + r2δk(G2)
r2 + 1
with multiplicitym, for every eigenvalue δk(G2) (k = 2, 3, . . . , n2)
of L(G2);
• Four roots of equation
[(x− 1)(2 + n2)(xr2 + x− 1)− n2] [(x− 1)(2r + n1)(xr1 + x− 1) + r(1− µi(G))(xr1 + x− 1)− n1]
−r(µi(G)− 2)(xr1 + x− 1)(xr2 + x− 1) = 0,
for each eigenvalue µi(G) (i = 1, 2, . . . , n) of L(G);
• Two roots of equation (x−1)(2+n2)(xr2+x−1)−n2 = 0 with multiplicity m−n if m > n.
Proof: Let M be the vertex-edge incidence matrix of G. Then one has
A(G(R) ⊗ {G1, G2}) =


A(G) M 1Tn1 ⊗ In 0
MT 0 0 1Tn2 ⊗ Im
1n1 ⊗ In 0 A(G1)⊗ In 0
0 1n2 ⊗ Im 0 A(G2)⊗ Im


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and
D(G(R) ⊗ {G1, G2}) =


(2r + n1)In 0 0 0
0 (2 + n2)Im 0 0
0 0 (r1 + 1)In1 ⊗ In 0
0 0 0 (r2 + 1)In2 ⊗ Im

 .
Thus the normalized Laplacian matrix of G(R) ⊗ {G1, G2} is
L(G(R) ⊗ {G1, G2}) =


In − A(G)2r+n1 −c1M −c21Tn1 ⊗ In 0−c1MT Im 0 −c31Tn2 ⊗ Im
−c21n1 ⊗ In 0 (L(G1) ◦B)⊗ In 0
0 −c31n2 ⊗ Im 0 (L(G2) ◦ C)⊗ Im

 ,
where
B = αJn1 + (1 − α)In1 with α = r1/(r1 + 1); C = βJn2 + (1− β)In2 with β = r2/(r2 + 1)
and
c1 =
1√
(2r + n1)(2 + n2)
, c2 =
1√
(2r + n1)(r1 + 1)
, c3 =
1√
(2 + n2)(r2 + 1)
.
Hence the characteristic polynomial of G(R) ⊗ {G1, G2} is ΦL(G(R)⊗{G1,G2})(x) = detB0 where
B0 = xI − L(G(R) ⊗ {G1, G2})
=


(x− 1)In + A(G)
2r + n1
c1M c21
T
n1 ⊗ In 0
c1M
T (x − 1)Im 0 c31Tn2 ⊗ Im
c21n1 ⊗ In 0 (xIn1 − L(G1) ◦B)⊗ In 0
0 c31n2 ⊗ Im 0 (xIn2 − L(G2) ◦ C)⊗ Im

 .
Denoted by M0 the elementary block matrix below,
M0 =


In 0 −c21Tn1(xIn1 − L(G1) ◦B)−1 ⊗ In 0
0 Im 0 −c31Tn2(xIn2 − L(G2) ◦ C)−1 ⊗ Im
0 0 In1 ⊗ In 0
0 0 0 In2 ⊗ Im

 .
Now, we let B1 =M0B0. It follows from detM0 = 1 that
ΦL(G(R)⊗{G1,G2})(x) = detB1
= det(xIn2 − L(G2) ◦ C)m · det(xIn1 − L(G1) ◦B)n · detS,
(1)
where
S =
(
[x− 1− c221
T
n1
(xIn1 − L(G1) ◦ B)
−11n1 ]In +
A(G)
2r + n1
c1M
c1M
T [x− 1− c231
T
n2
(xIn2 −L(G2) ◦ C)
−11n2 ]Im
)
.
Let χG1(B) = 1
T
n1(xIn1 − L(G1) ◦ B)−11n1 and χG2(C) = 1Tn2(xIn2 − L(G2) ◦ C)−11n2 . From
Lemma 2.1, one obtains
detS = det[(x − 1− c23χG2(C))Im] · detP, (2)
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where
P = (x− 1− c22χG1(B))In +
A(G)
2r + n1
− c21
x−1−c23χG2 (C)
MMT
= (x− 1− c22χG1(B))In +
A(G)
2r + n1
− c21
x−1−c23χG2 (C)
(rIn + A(G)).
(3)
Next we shall compute χG1(B) and χG2(C). From Lemma 2.2, we get
L(G1) ◦B = In1 −
A(G1)
r1 + 1
=
1
r1 + 1
(In1 + r1L(G1)). (4)
Similarly,
L(G2) ◦ C = 1
r2 + 1
(In2 + r2L(G2)). (5)
Observe that L(G1)1n1 = 0 and L(G2)1n2 = 0. Then we get
(xIn1 − L(G1) ◦B)1n1 = (x−
1
r1 + 1
)1n1 ;
(xIn2 − L(G2) ◦ C)1n2 = (x−
1
r2 + 1
)1n2 .
Hence,
χG1(B) =
n1
x− 1
r1 + 1
; χG2(C) =
n2
x− 1
r2 + 1
. (6)
Now plugging (6) into (3), again from Lemma 2.2, we have
detP = det



x− 1− c
2
2n1
x−
1
r1 + 1
+
r
2r + n1
−
c212r
x− 1− c23
n2
x− 1
r2+1

 In + c
2
1rL(G)
x− 1− c23
n2
x− 1
r2+1
−
rL(G)
2r + n1

 .
(7)
Let µi(G), ηj(G1) and δk(G2) be the eigenvalues of L(G), L(G1) and L(G2), respectively,
for i = 1, 2, . . . , n; j = 1, 2, . . . , n1 and k = 1, 2, . . . , n2. Then, by (1), (2), (7), along with (4)
and (5), we obtain
ΦL(G(R)⊗{G1,G2})(x) =
n2∏
k=1
(
x−
1 + r2δk(G2)
r2 + 1
)m
·
n1∏
j=1
(
x−
1 + r1ηj(G1)
r1 + 1
)n
·
(
x− 1−
n2
(2 + n2)(r2x+ x− 1)
)m−n
·
n∏
i=1
[(
x− 1−
n2
(2 + n2)(xr2 + x− 1)
)(
x− 1−
n1
(2r + n1)(xr1 + x− 1)
+
r(1− µi(G))
2r + n1
)
+
r(µi(G)− 2)
(2r + n1)(2 + n2)
]
.
From the above characteristic polynomial, we have
• The eigenvalue 1 + r2δk(G2)
r2 + 1
with multiplicity m, for every eigenvalue δk(G2) (k =
2, 3, . . . , n2) of L(G2);
• The eigenvalue 1 + r1ηj(G1)
r1 + 1
with multiplicity n, for every eigenvalue ηj(G1) (j = 2, 3, . . . , n1)
of L(G1);
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• Four roots of equation(
x− 1− n2
(2 + n2)(xr2 + x− 1)
)(
x− 1− n1
(2r + n1)(xr1 + x− 1) +
r(1 − µi(G))
2r + n1
)
+
r(µi(G) − 2)
(2r + n1)(2 + n2)
= 0
for each eigenvalue µi(G) (i = 1, 2, . . . , n) of L(G);
• Two roots of equation
x− 1− n2
(2 + n2)(xr2 + x− 1) = 0
with multiplicity (m− n) whenever m > n.
Hence the required result follows. ✷
Next we consider two special situations of G(R)⊗{G1, G2}. By choosing G2 as a null-graph,
we can reduceG(R)⊗{G1, G2} toR-vertex coronaG(R)⊙G1. Thus, from Theorem 2.3, we obtain
Corollary 2.4. Let G be an r-regular graph with n vertices and m edges, G1 be an r1-regular
graph with n1 vertices. Also let µ1(G), µ2(G), . . . , µn(G) and η1(G1), η2(G1), . . . , ηn1(G1) be
the normalized Laplacian spectra of G and G1, respectively. Then the normalized Laplacian
spectrum of G(R) ⊙G1 consists of:
• The eigenvalue 1 + r1ηj(G1)
r1 + 1
with multiplicity n , for every eigenvalue ηj(G1) (j =
2, 3, . . . , n1) of L(G1);
• The roots of equation
2(x− 1) [(x− 1)(2r + n1)(xr1 + x− 1) − n1 + r(1− µi(G))(xr1 + x− 1)] + r(µi(G)− 2)(xr1 + x− 1) = 0
for each eigenvalue µi(G)(i = 1, 2, . . . , n) of L(G) , and
• The eigenvalue 1 with multiplicity m− n, if m > n.
Instead of choosing G2 as a null-graph, if we chooseG1 as a null-graph, then G
(R)⊗{G1, G2}
reduces to R-edge corona G(R) ⊖G2. Thus we arrive at
Corollary 2.5. Let G be an r-regular graph with n vertices and m edges, G2 be an r2-regular
graph with n2 vertices. Also let µ1(G), µ2(G), . . . , µn(G) and δ1(G2), δ2(G2), . . . , δn2(G2) be
the normalized Laplacian spectra of G and G2, respectively. Then the normalized Laplacian
spectrum of G(R) ⊖G2 consists of:
• The eigenvalue 1 + r2δk(G2)
r2 + 1
with multiplicitym, for every eigenvalue δk(G2) (k = 2, 3, . . . , n2)
of L(G2);
• Three roots of equation
(2x− 1− µi(G)) [(x− 1)(2 + n2)(xr2 + x− 1)− n2] + (µi(G) − 2)(xr2 + x− 1) = 0
for each eigenvalue µi(G) (i = 1, 2, . . . , n) of L(G), and
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• Two roots of equation
(x− 1)(2 + n2)(xr2 + x− 1)− n2 = 0
with multiplicity m− n, if m > n.
Next we shall present an example to explain our Theorem 2.3.
Example 2.6. Let us consider three graphs G = K3 , G1 = P2 , and G2 = P2. Then
the normalized Laplacian eigenvalues of G are (
3
2
)(2) and 0(1), where a(b) indicates that a is re-
peated b times. The normalized Laplacian eigenvalues of G1 and G2 are 2
(1) and 0(1). Applying
Theorem 2.3, the normalized Laplacian spectrum of G(R) ⊗ {G1, G2} consists of:
• (3
2
)(3) for the normalized Laplacian eigenvalue 2 of G1;
• (3
2
)(3) for the normalized Laplacian eigenvalue 2 of G2;
• For the normalized Laplacian eigenvalue 3
2
of G, the roots of 24x4−76x3+75x2−24x+9
4
=
0 with multiplicity 2 each, that is, (
3
2
)(2), (
3 +
√
3
4
)(2), (
3 −√3
4
)(2) and (
1
6
)(2).
• For the normalized Laplacian eigenvalue 0 of G, the roots of 24x4− 64x3+48x2− 9x = 0
with multiplicity 1 each, that is, 0(1), (
7−√13
12
)(1), (
7 +
√
13
12
)(1), (
3
2
)(1).
On the other hand, according to the computation of Matlab, we get directly the normalized
Laplacian eigenvalues of G(R) ⊗ {G1, G2} are 0(1), (1
6
)(2), (
3
2
)(9), (
3−√3
4
)(2), (
3 +
√
3
4
)(2),
(
7−√13
12
)(1), (
7 +
√
13
12
)(1). This example also shows that Theorem 2.3 is valid.
Similarly, applying corollary 2.4, the normalized spectrum of G(R) ⊙ G1 consists of: (1)
(
3
2
)(3); (2) the roots of 12x3 − 32x2 + 24x − 9
2
= 0 with multiplicity 2 each; (3) the roots of
6x3 − 13x2 +6x = 0 with multiplicity 1 each. Applying corollary 2.5, the normalized spectrum
of G(R)⊖G2 consists of: (1) (3
2
)(3); (2) the roots of 16x3−44x2+33x− 9
2
= 0 with multiplicity
2 each; and the roots of 4x3 − 8x2 + 3x = 0 with multiplicity 1 each.
From above theorem and corollaries, we find that the normalized spectrum of R-graph dou-
ble corona depends on the degree of regularities, number of vertices, number of edges and
normalized Laplacian eigenvalues of G, G1 and G2. Thus, we can construct infinitely many
pairs of normalized Laplacian cospectral graphs.
Lemma 2.7[11]. Two regular graphs are normalized Laplacian cospectral if and only if they are
cospectral.
Theorem 2.8. If G and H are cospectral regular graphs (not necessarily distinct), so as to Gi
and Hi (for i = 1, 2) (not necessarily distinct), then G
(R) ⊗ {G1, G2} (respectively G(R) ⊙G1,
G(R) ⊖ G2) is normalized Laplacian cospectral to H(R) ⊗ {H1, H2} (respectively H(R) ⊙ H1,
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H(R) ⊖H2).
Proof: From Theorem 2.3 and Lemma 2.7, the result follows. ✷
Remark 2.9. The graphs G and H , along with Gi and Hi (for i = 1, 2) are regular in
Theorem 2.8, but G(R) ⊗ {G1, G2} and H(R) ⊗ {H1, H2} are non-regular in the general case.
Hence we can construct infinitely many pairs of non-regular normalized Laplacian cospectral
graphs by using double corona operations based on R-graphs. In addition, we remark that the
degree Kirchhoff index and the number of spanning trees of some graph operations have been
studied extensively(for example, see [2, 3, 6, 7, 13, 14, 18]). Our results can also help us to
compute the number of spanning trees and degree Kirchhoff index for R-graph double corona
operations of graphs, omitted.
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